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The main result of this paper characterizes generalizations of Zolotarev polynomials
as extremal functions in the Kolmogorov—Landau problem

FO0)>sup,  fe WH[0,1], | flcro,11< B, (%)
where w(?) is a concave modulus of continuity, r, m: 1 <m<r, are integers, and
B> By(r,m, w).

We show that the extremal functions Zz have r + 1 points of alternance and the
full modulus of continuity of Z%: w(Z%); t) = w(¢) for all 1€ [0, 1]. This generalizes

the Karlin’s result on the extremality of classical Zolotarev polynomials in the
problem (%) for w(z) =t and all B=B,. © 1997 Academic Press

0. INTRODUCTION

0.1. Classical Zolotarev Polynomials

The family {Z,} 5., of classical Zolotarev polynomials of degree r+ 1
on the interval [0, 1] can be characterized as follows:

for any B> 0, there exist points {t;(B)};_,, 0=:74(B)< --- <7,(B)<1
and such a polynomial Z z(x)=x"*"/(r+ 1)l + Y/ _, a,x’ that

ZB(Ti(B)) = ( - 1)r+l+i HZBH C[0,7,(B)] :(_ 1)r+l+fBa i=0, ey T
(0.1)

Let C.(x) be the Chebyshev polynomial of degree r + 1 with the leading
coefficient 1/(r 4+ 1)!:

C,(x) =(2rjl)l!cos[(r+ 1) arccos(2x —1)], xe[0,1]. (0.2)

Let L,:=[C,l cro. 17 =2""1/(r+1)! By (0.2),

{T,=1(1+cos(zmi/(r+ 1))} 1%,
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is the collection of alternance points of C,(x) on the interval [0, 1]:

CAT)=(=1)"""""Cllcrony=(=D)"*""""L,, i=0,..r+1 (03)

Let K,:=L,-T, """, For 0 < B<K,, the Zolotarev polynomial Z 4(x) is
a properly rescaled and dylated Chebyshev polynomial

L,
ZB(X):iE(r+1)C,~(;LBx)» )hB::E'; (0.4)

with r + 1 points of alternance {7,(B) =157} _, on the interval [0, 7,(B)]. In
the case Be[L,, K,], the collection {7;(B)}’_, is the set of alternance
points of the function Z, on the entire interval [0, 1]:

ZB(Ti(B)):(_l)rJrIHHZB”C[O,lj:(_1)"““3: i=0,..,r. (0-5)

For B> K,, the Zolotarev polynomial Z4(¢) admits an expression in terms
of elliptic functions [ 1, 12].
For ne N, let us introduce the Sobolev class

Wi la,b]l={feC" '[a,b]|f" " isabs. cont.and | ", (,,<1}.
(0.6)

S. Karlin [7, p. 419] showed that the Zolotarev polynomial Z enjoys the
extremal property

(—1)r+tem Z(l;”)(O) =sup{f(’”)(()) |fe W’;o+l[07 1], Hf“q:[o, 7,(B)] <B}-
(0.7)

In view of properties (0.5) and (0.7), in the case Be[L,, K,], the function
Z  1s extremal in the Kolmogorov—Landau problem

S0) - sup, feWLI0 1T [ fllcpo <8 (0.8)

DerFmNiTION 0.1.  Let f be a continuous function on the interval [a, b].
The function

o(fst)= sup  |f(x)—f(y)l.  1€[0,b—a], (0.9)

x, yela b]
|x—y| <t

is called the modulus of continuity of the function f.

The functional class W’*'[0,1] is defined by the constraint
LF"* Pl (<1, equivalent to inequalities e(f", 7)<t for all 7€ [0,1].
In our generalizations, we consider the classes of functions defined by the
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continuum of inequalities of the form w(f™), t) <w(t), for te[0,1] and
some fixed concave modulus of continuity «. Such constraints enable us not
only to control upper bounds of the function f“*+! but also to retain
information on the order of growth of the rth derivative /.

This discussion leads us to the definition of functional classes W"H*[0, 1]
with a majorizing modulus of continuity and generalizations of Zolotarev
polynomials in W"H*“[0, 1].

0.2. Functional Classes W H®”[ a, b]

Let us introduce the notion of a concave modulus of continuity on the
half-line R,

DerINITION 0.2, A function o(-): R, —» R, is called a concave modulus
of continuity on R, , if the following conditions are satisfied:

(2) ()< w(fz) i 0<t,<13; (0.10)
(3) oot + (1 —a) ;) Zam(t) + (1 —a) o(t,), for all ae[O,lj,

and t,t,eR,

DerFINTION 0.3, Let () be a concave modulus of continuity on R,
The functional class W"H”[ a, b] is defined as

WH®[a,b]:={xeC'lab]lox";1)<w(t),te[0,h—al}. (0.11)
In the case r =0 we also use the notations

H”[a,b]:=W°H"[a, b], H{la,b]:={feH"[a,b]|f(a)=0}.
(0.12)

The standard Sobolev class W’ "'[a, b] is a particular case of the class
W'H®[a,b] with @&(t)=1t. Another example is provided by the Hélder
modulii of continuity w,(t)=1", 0 <o <1. In this case, we denote

WH*a,b]:=WH[a,b]. (0.13)
We mention that classes W H”[a, b] were introduced in 1946 by S. M.

Nikol'skii [ 10] in connection with approximation of functions by Fourier
sums.
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0.3. Zolotarev w-Polynomials
Fix r,meN:1<m<r and a concave modulus of continuity w on R, .
Our main goal in this paper is to construct a family {Zz=Z4 . . o} 5-0
of functions endowed with the properties
(1) there exist such points {z,(B)};_,, 0=14(B) < --- <7,(B) <1, that
Zp(ti(B))=(— 1)i+mHZB l C[0,7,(B)1> i=0,..,7;
(2) o(ZP;t)=w(1), 0<t<1;

(3)  Zy(0)=sup{ f"(0)|f € WH L0 11, |.f ]l cro. v, s < B}

(0.14)

If w is a linear modulus of continuity w,,(t) = Mt, M >0, then
o(fVst)=oyt), te[0,1]=/"()=CtMt, CeR, t€[0,1],

i.e., fis a polynomial of degree r + 1 with the leading coefficient M/(r + 1)!
Therefore, it is natural that functions Z, with features (0.14) generalizing
the properties of classical Zolotarev polynomials will be called the Zolotarev
w-polynomials.

0.4. Organization of the Paper

In Section 1 we list auxiliary results used in our constructions: the Borsuk
theorem, the Chebyshev theorem, the Korneichuk lemma with corollaries,
and some other special technical propositions.

Section 2 contains the proof of the main result of this paper—Theorem 2.1
describing Zolotarev w-polynomials Zz=Z , , ,, of the norm B.

A number of corollaries from Theorem 2.1 are derived in Section 3. We
show the existence of such a constant M = M, that for all B> M, the

w, r,m

Zolotarev function Z is extremal in the Kolmogorov—Landau problem
f”’”(O)—»sup, SeWH”[0,1], HfHC[o,1]<B- (0.15)

In the special case of the Holder modulus of continuity w,(f)=1t* we
construct the Chebyshev w-polynomial C(x)=C, , ,(x) with a complete
(r +2)-alternance and extremal in (0.15) for B=L := | CJ/¢[o, ;7. Then, we
show the extremality of Z in the problem (0.15) for all B> L.

For all sufficiently large B > 0, we demonstrate the continuous dependence
of the alternance points {z;(B)};_, of Z; on B and the uniqueness of solutions
of the problem (0.15).

Finally, using specific features of the class W>H®[0, 1], we also describe
the complete (for all B> 0) set of extremal functions in the problem (0.15)
for r=2.
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1. AUXILIARY RESULTS

The Korneichuk lemma describes extremal functions in the problem

jb W) () di —sup,  he H[a, b], (1.1)

a

where  is the derivative of a simple kernel on [a, b].

DermNiTION 1.1.  Let the kernel y(-)el [a, b] be endowed with the
properties: for some a',b":a<a’ <b' <b,
(1) ¥(x) <0, forae. xela d'];
(i) Y(x)=0, forae. xel[d,b'];
(i)  Y(x)>0, forae. xel[b',b];

(iv) jb W(x) dx = 0.

Then the kernel ¥(x)=y [Xy(1)dr, a<x<b, ye{—1,1}, fixed, is called
a simple kernel.

Notice that for any simple kernel ¥, the equation |¥(¢)| =y, for0 <y <
¥l cra. 5y has precisely two solutions: «, €(a,a’) and f,e(b’, b). The
quantitative solution of the problem (1.1) will be given in terms of the
rearrangement of the simple kernel V.

DerFmNiTION 1.2, Let P(x), a<x<b, be a simple kernel. Let the
function r: [a, (¢’ +b')/2] - [(a' +b')/2, b] be derived from equations
(1) =¥(r(1)), tela,d'],

(1.3)
r(t)=da +b —t, te[d,(d +b)2].

Then, the rearrangement R(¥; t), 0 <t <b—a, of the simple kernel ¥(t) is
defined as

HIIIHC[a,bjr IE[O, b,_a’]9
R(; 1) = [Pyl te(b'—d',b—a], (1.4)
where y,el[a, a'] is such that r(y,) —y,=t.

We also need the following properties of concave modulii of continuity w
[9, pp. 263, 264].
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ProposITION 1.1. Let @ be a concave modulus of continuity on R .
Then,

(a) at any point x>0, w has one-sided derivatives

, . , . o(x+h)—o(x)
o 1= lim SO, )=ty S

w(x)—w(x—nh)

(b) each of the functions o', and w'_ does not increase on (0, + c0),
and

W (X) <o (x),  x>0;
(c) w is an absolutely continuous function on R, .

In this paper we make the following choice from the equivalence class of
summable functions defining the nonincreasing derivative @’ everywhere
on R, .

DerINITION 1.3. Let w be a concave modulus of continuity on R, .
We put

o' (u) =o' (u) +o'_(u)], u>0. (1.5)

The following result [9, pp. 302-307] describes the derivative of extremal
functions of the problem (1.1).

LemMA 1.2, Let Y(t):=y | Y(y)dy, a<t<b, ye{—1,1}, be a simple
kernel whose derivative satisfies (1.2). Let the function r:[a,c]—[c, b],
c:=(a'+b')/2, be defined by (1.3), and the rearrangement R(¥; t) be intro-
duced in (1.4). Let w(t) be a concave modulus of continuity on [0,b—a].
Then,

b b—a
M= swp [ fowod= "RW)o@d.  (16)

feH"La,b] Ya 0
and the upper bound in (1.6) is attained on the functions whose derivative is
given by the formula

o'(r(x) —x), asx<e,

d
dxfO(x):{w’(x—r_l(x)), c<x<bh. (1.7)

Note that extremal functions of the problem (1.1) are determined up to
a constant, since [”y(¢) dt =0. Therefore,

sup jhh(z)w(z)d1= sup fbh(z)lp(z)dz. (1.8)

heH"la,b] "4 heH{[a,b] "¢
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From the formula (1.7) it follows that if ' =5’ = ¢, then the derivative of
extremal function of the problem (1.1) is determined uniquely by (1.7).
We mention some corollaries from Lemma 1.2 used in this paper.

COROLLARY 1.2.1. Let the function f, be defined by (1.7). Then, f, has
the full modulus of continuity on the interval [0, b—a]:

o(fo;)=w(t), 0<i<b-—a (1.9)
Proof. By (1.7), for any x: 0 < x<c:=1(d +b'), we have

St — Sl = [ ' w)) du— [ () — ) d

c c

= r o' (r(u)—u) r'(u) du— JX o' (r(u) —u) du

c c

= [ (o)~ u) dor(w) — )

=o(r(x)— x). (1.10)

It remains to notice that the function r(¢) — ¢ increases from 0 to b —a, as
t decreases from ¢ to 0. ||

COROLLARY 1.2.2. Let 0<a<1. Let ¥(t) be a simple kernel on [0, b],
and f be an extremal function in the problem

b
f h(1) ¥'(t) dt —sup,  heH 0, b].
0
Then, for any a >0, the function h(t)=c*f(t/a) is extremal in the problem
ab
j h(1) ¥'(t/o) dt —sup,  he H[0, ab].
0

The proof of Corollary 1.2.2 follows either from the form (1.7) of the
derivative of extremal function in the problem (1.1) or from the observation

f(t)e H*[0,b] = c°f(t/o) e H*[ 0, ab].

For the proof of the following limiting property of solutions of problems
(1.1), the reader is referred to [2].

LemMma 1.3. Let S be a compact of RY and the family of simple kernels
¥ ,s€S be endowed with the following properties.
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(1) The endpoints a, and b, are continuous functions of s on' S, and
a,<a<b<b,, SES, for some a<b.

(i) The zero-interval of the kernel s, degenerates into a point, i.e.,
a,=>b', for all seS.

(i)  The family {y(t)=P'(t)},.s depends continuously on s on'S in
the integral metrics in the following sense: for all s€ 'S,

Hlp\’_lp\H Li[a, b] _)O, as Sl -,
where

b,—a,
" a‘\(X—a)'i'as), a<x<bh, seS.
b—a

x) =

Let x; be the solution of the problem

[“rownde»sup,  feHla, bl fla)=0.

Then, functions x depend continuously on s on S in the uniform metrics, i.e.,
for all se'S,

’
Hx.s" — X H C[max{a,, a,}, min{b_, b} ] d 0> as s —Ss.

The proof of Theorem 2.1 is based on the following topological result
known as the Borsuk Antipodality Theorem (cf. [5], [6]).

THEOREM 1.4. Let S"={&: EeR"™'|||E| =r}, where ||-| is some norm
in R"*', and let n: S" - R", n(&) = {n (&), (&), . n,(E)}, be a continuous
and odd (n(—¢&)= —n(&)) vector field on S". Then, there exists a vector
Ee S" such that n(&)=0.

The polynomial of the best approximation for a given continuous function
is characterized as follows [9, p. 48].

THEOREM 1.5. Let feCla, b]. Then,
(a) there exists a unique polynomial p,(t)=Y"_,a,(f)t" of the best

approximation for f on the interval [a, b] among the polynomials of degree
n, ie.,

Hf—PfH Cla, b] = min || f— p|| Cla, b]>
PeEZ,

where 2, is the linear space of polynomials of degree n;
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(b) the polynomial p, is the polynomial of the best approximation for

f among the polynomials of degree n, if and only if there exist n+ 2 points
{x 3057, a<x <xy< -+ <X, ,<b, such that

(f_pf)(xi) =(—1)[f Hf_pr Cla, b]> i=1,.,n+2, (L11)

where E=¢(f)e{—1, 1}, fixed.

PropoSITION 1.6.  Let fe C'[a, b]. If fhas r zeroes (counting multiplicities),
then

Hf(k)H@[u,b]<[b_a]rik Hf(r)HC[u,b]’ k=0, ..,r. (1.12)
Proof. By Rolle’s theorem, the derivative f*)(¢) has a zero &, on [a, b]

for k=0, ..,r—1. Then, f*(x)= j;/ FEYD)d, a<x<b, k=0, ..,r—1.
Thus,

1 N cpa < @=a) [ f“"Pllera s (1.13)

implying (1.12).]
We also need the following result [9, p.92] on the existence of a

polynomial perfect spline satisfying the zero boundary conditions.

ProposITION 1.7.  Let r € N. There exists a unique perfect polynomial spline

x" 2 r—1

Y.(x) *‘l‘ Z _ti)r+ + Z aixi

|
i i=0

with r knots {t;}7_,, 0<t,< --- <t,<1, satisfying the boundary conditions
Y (0)=Y®(1)=0, k=0, .., r— 1. In addition, Y ,(x)>0, xe(0, 1).

The following two results play an important role in the final phase of the
proof of Theorem 2.1.

ProrosiTiON 1.8. Let fe WH®[0, 1]. Then, there exist such constants
E, =E\(r) and E,=E,(r, w) that

f OIS E NS 0.1y + Es (1.14)
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Proof. Let Y, be the perfect spline from Proposition 1.7. Then,
1 ) 1
1009 | A0 Y0y de= (=17 [ 1) Y ) di

1 1
= (=1 | [0 = 0] V) d+- (=17 00) | Y0 d
(1.15)
Thus, using the inclusion f"'e H*[0,1] and the inequality (1.15), we

obtain the estimate (1.14) with E, := || Y,,H[L*I%Q 17 and E, :=|| Y,.HEI%O, "
[[2X YrHC[O,l]' 1

PropoOSITION 1.9. Let A>1, w be a concave modulus of continuity, and
the function f(t)e AC"T'[0, A] be endowed with the properties

(i) fA)>0, forae te[0,A4];
(i) fU"VeH“[0,1];
Gi) fO1)=1, re[l,A]; (1.16)
(iv) fhas r zeroes {n}};_, satisfying inequalities
0<nl<n® <o <pi<l<nyd:=A.

Then, for each k=1, ..,r—1, the derivative f'* has precisely r —k simple

zeroes {1} =%,

0<ns_o<my_ < -- <ns<nf, (1.17)

r

and there exist constants E, ; such that
n\>E, A>1, 0<<k<r—1, (1.18)

for all sufficiently large A’s.

Proof. By the property (1.16), (iv), f© has at least r — k distinct zeroes
on [0, 4] for 1<k<r—1. On the other hand, by (1.16), (i), /"~ is
monotone on [0, A]. Thus, f*) can have at most r —k zeroes counting
multiplicities. Therefore, Rolle’s theorem implies that f*) has precisely
r—k simple zeroes {n%}7”f enumerated in the decreasing order as in

(1.17). We also observe that by (1.16), (iv) and Rolle’s theorem, zeroes
{n*}7=% lie on the interval [0, 1].



350 SERGEY K. BAGDASAROV

The verification of the property (1.18) of rightmost zeroes {n}};_{
proceeds by induction.

For k=0 the statement is true by (1.16), (iv): 9 := 4.

Suppose that we have proved the statement for any k=0, ..,n<r—2,
1e.,

n>E, ,-A>1, k=0,..n (1.19)

Let us prove the property (1.18) for k=n+ 1.
First, f"(n%) = f"(n") = 0. Therefore,

n+l

0= f FOrE) dé = f "“)(é)dc‘f+fn,;+1f‘”*”(f)df» (1.20)

N

where 77! is the rightmost zero of f*'(¢). By Rolle’s theorem, it lies
between 77 and #}.
By Rolle’s theorem, the other r —n — 2 zeroes belong to the interval [0, #5].
Thus, the function /" *")(z) changes its sign on the interval [7%, 7] only
n+1

at the point 7.
Therefore, we can infer from (1.20) that

’77+1 '7’11
[ e dé=Lm LSOO dE = 1F " O ey (121)
1

2

Let

Ler=min plly oy, kEN, (1.22)
PeEP;

where P, is the space of all polynomials of degree k& with the leading
coefficient +1/k!. Then,

mi;l HleLl[a,b]z(b_a)kJrlIk' (1.23)
pPePp;

By (1.16), (iii), f"(t) =1, te[1, A], ie., £ T')(t) is a polynomial of degree
r—n—1 on the interval [1, 4] with the leading coefficient 1/(r —n—1)!.
Thus, by (1.23),

‘|f(n+l)”ml[1 METY M Wy =1)7"" (1.24)
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Consecutively using the equalities (1.21), the inclusion 75 [0, 1], the
inequality (1.24), and the inductive assumption (1.19) for k =n, we derive
the estimates

n+1

m
[ e @ e =31 Vg = 21 0y

2

2511‘7}171(77'11_ 1)"7'1 >%Irfnf](E‘r,n A — I)V*n'
(1.25)
In a more compact form,
Hf(n+l)” [Ll[ng,n’ll+l] Z%Irfnfl(Er,n -A— l)rfn. (126)

We have already shown that each of the functions /) has a zero on [0, 4]
for k=0, ..,r—1. Thus, applying Proposition 1.6 and using properties
(1.16), (i), (iii) of the function f, we obtain the inequality

I+ C[0, 4] <A C[0, 4] <A " A+ o(l) <247,
(1.27)

for 4 > w(1). Consequently,

L7 a1y S LDy (71 =) <2477 =),
(1.28)

Combining the estimates (1.26) from below and (1.28) from above for the
integral norm of the function "+ )(¢), we derive the following estimate for
n+17.

the length of the interval [#}, '

Mt =yl AT NE, A1) (1.29)

rn

Due to the inclusion #} € [0, 1], the inequality (1.29) implies that for all
sufficiently large A4’s,

’7V11+1 >i1r7}171A}17r+1(Er,n A — l)rfn_ 1 >Er,n+1A > 1’ (130)

with the constant E, ,,; depending only on r,n. |I

In conclusion, we state the properties of generating kernels K(¢) and

F(?) (see, e.g., [8]).
Let r,m: 0 <m <r, be integers.
Let {7,}7_, be such that

O=1o<t,< - <1, <10 (1.31)
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Derive {o; =a,(tq, ..., T,, m)}’_, from the system of linear equations

Y o t¥=6,,,.  k=0,..,r (1.32)
i=0
Put
K= ——— 3 o (c,—u),
u) = (r—l)!izla’ T—u) ",
o (133)
F(u):ﬁ ; (xz(Tt_u):—

ProposITION 1.10.  Let r,meN:0<m<r, the points {t,}_, be as in
(1.31), the coefficients {a;}"_, be defined in (1.32), and the kernels K(t),
F(t) be defined by (1.33). Then,

I signo,=(—1)"*""i=0,..,r;

II. for O<m<r, the kernel F(t) is simple on [0, t,], and for some
ce(0,1),

sign K(1)=(—1)""",1€(0,c);  signK(1)=(=1)""""" te(c 1)

1. for m=vr, K(t) does not change the sign: K(t) <0, t€[0,1).

2. CONSTRUCTION OF ZOLOTAREV w-POLYNOMIALS
2.1. Sufficient Conditions of Extremality in the Kolmogorov—Landau Problem

Fix rrmeN:0<m<r. Let 0=:1,<7,<7,< ---7,:=b< 1.
Let {a,}’_, be the solutions of the following system of linear equations:

Y T =6,, 1 k=0,..r. (2.1)

(2.2)
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Fix fe WH®”[0, 1]. The Taylor’s formula reads

f(z_):ri] f(k)(O) Tk+ 1 Jl f(r)(u)( u)+ 1dl/l 0<T§ 1
Ak r—1) s o

We distinguish two cases in deriving the formula for £(0).
Case 1. O<m<r.

From (2.1)—(2.3) we find the formula for the value of the mth derivative
£ at the origin:

7(0) m'z S +m'fbf<f>(u)1<(u)du. (24)

By Proposition 1.10, the kernel F(¢)=[{ K(y) dy is simple in the sense of
Definition 1.1. Therefore, by Korneichuk’s Lemma 1.2,

b

b b
sup jh(z)K(r)dt: sup jh(z)K(z)d;:fO R(F: 1) w'(1) dt

he H’[0,5] "0 he HJL[0,6] "0 (2.5)

where the classes H[a, b] are defined in (0.12), and the rearrangements
R(¥;t) of simple kernels ¥ are introduced in (1.4). The Korneichuk
lemma also provides the formula for the derivative of the function A*(7)
realizing the supremum in (2.5):

dh*(l)—{( D7t (p(t) — o), 0<r<e,

- 2.6
i (1" of(i—p= (1), e<i<r; 20

where ¢ is a unique zero of the kernel K(¢) on the open interval (0, b), and
the function p: [0, ¢] - [¢, b] is derived from the equations

F(t)=F(p(t)), O0<t<ec (2.7)

From (2.4) and (2.5) we obtain the estimate

A0 |<m'<z|a,|>|f|C[O,lﬁm!j:fn(F;r)w'(z)dt. (2.8)

Case 2. m=r.

In this case, by (2.1), § K(u) du= —1/r! 3;_,o,7i= —1/r!. Therefore,
by (2.1)-(2.3),

£O0) =1 Z +ruj [SDu)—f0)] K(u) du. — (2.9)
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Notice that /(x) — f(0)e HZ[0, 1],if f e W"H*[0, 1]. In Proposition 1.10
we showed that K(u) <0, 0 <u < b. Therefore,

sup jbmu)Kuodu=-—flmu)Kundu=jwau)Fw)¢L (2.10)

heHJ[0,11 70
The equality sign is attained in (2.10), if and only if
SOu) = f70) = —o(u),  0<u<b. (2.11)

Consequently, by (2.9) and (2.10),

700 < (2 1l ) Ul cqon+rt [ oo a2

By Proposition 1.10, in both cases (—1)"*" ;> 0, i=0, .., . Combining
these two cases and taking into account our observation (2.5), we give
sufficient conditions for a function fe W"H“[O0, 1] to realize the equality
sign in inequalities (2.8) for 0 <m <r and (2.12) for m=r:

(1) f(fi):(_l)[+m ”f”@[o,b]’ i=0,..,r;
) sup [ A K dx=] LFOx)—£0(0)] K(x) d
0

he HY[0,5] "0

(2.13)

Therefore, the problem is to choose the collection of points {7,}7_,
simultaneously endowed with two properties: {7;}/_, are the knots of the
generating kernel K for the function f“)(x) and the alternance points of
the function f on the interval [0, b].

2.2. Characterization of Zolotarev w-Polynomials

THEOREM 2.1. Let r,meN:0<m<r, and B>0. There exists a set of
points {t(B)=1;(B,r,m,)};_,,0=1oB)<7(B)< --- <7(B)<1, and
the function Zg=2Zg , ,, , € WH®[0,1] with the properties

) 7, (B) ,(B)
() sup [ TA)Kp0)di=| L2500 = Z§(0)] Kylr) di

he HY[0,7,(B)] "0

where the kernel Ky is defined by (2.1), (2.2) for {t,=7,(B)}_,;
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(i) Zp(r;(B))=(— l)Hm 1Z gl CLO0, 7(B)])F = ( _1)i+m B, i=0,..,r;

d (2.14)
(i) i t(B)<], then EZB(Tr(B)):O'
Proof. Fix A>4 and ¢, 0<e<1/r. Let
r+1
S’A:={s=(s1,...,s,.+1)eR'+' Y |S,~|=A}. (2.15)
i=1

We generate collections of points {#,=1,(s)} /=5, {Z;=1,(s)} 120 AT, =T;(s)} [y,
and {7,=7,(s)}_:

J

to(5)=0, 1(s)="Y, Isil, j=1,.,r+1;
i=1
fo(s)=0, i,(s)=min{z,(s), 1}, j=1,.,r+1;
(2.16)
To(s)=0, T;(s) =%, j=1..,r;
7o(8) =0, 7,(s) :%ﬁrgj’ j=1..,r
By (2.16),
€ €

and
|£:(s) —7,(5)]| <er, |T;(s)—t;(s)| <erA, i=0,.,r, seS8’. (2.18)
Also by (2.16), the points {7,(s)}’_, belong to the interval [0, 1]:

f(s)+ei 1+ei
OSTI(S)gLS <
1+er 1+er

1, i=1,.,r, se8’,.

Let {o;(s)=o;(s, r,m, &)} _, satisfy the system of linear equations
Y alti(s)1 =6, s, k=0,..,r. (2.19)

i=0

As before, in (2.19) we follow the convention [74(s)]°=0°:=1.
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Let us introduce kernels K, and F,:

1 r
K1) = 2 ()t —1i(s))
(r—1!,=,
L (2.20)
F()== Y a(s)(t—1(s)),
r. 0—1
Let the function f; e H{[O0, 7.(s)] be extremal in the problem
7,.(s)
J h(t) K(t)dt—sup,  he HY[0,1,(s)]. (2.21)
0

If 0<m<r, by Lemma 1.2, the derivative (d/dx) f,(x) is expressed by the
formula

4
di

(71)r+m+lw,(ps(l‘)7t)7 Ogtgc(sa

() w—p ), sy <isals), CF

£0) ={

where ¢(s) is a unique zero of K, on the open interval (0, 7,(s)), and the
function p,: [0, c(s)] = [¢(s), 7,(s)] is derived from the equations

F(t)=F(p1), 0<t1<c(s)
According to (2.11), for m =r we put
f(t)=—o(1), 0<t<r,(s). (2.23)

The extension g (t) of f(¢) from [0, 7,(s)] to [0, 4] is defined by the
formula

. .
0 {140 0

<‘L."‘(ksq)j
(=1 " ot (s))+t—1,.5)], <t . (2.24)

Notice that by the definitions (2.22) and (2.24), the function g.(¢) is
monotone on [0, 4], and

d
(=7 2 g (>0, forae. re[0,4]. (2.25)

Also by (2.22) and (2.24),

g. e H?[0,4], o(t):=w(t)+1, teR,. (2.26)



ZOLOTAREV o-POLYNOMIALS IN W"H*[0, 1] 357

Let us introduce the function

1 A r—2
V=03 fo (x—0) 2g(nd, 0<x<A.  (227)
Notice that V"~ P(x)=g(x), 0<x<4, and V(0)=0, i=0,..,r— 1.
Let ¢,(¢) be the polynomial of degree r — 1 interpolating V' (¢) at r distinct
points { T;(s)}/_;:

g(T(s) =V (T,(s)), i=1,..r (2.28)
Put
Wix):=V(x)—qlx), 0<x<A4. (2.29)
By (2.28),
W(T(s)=0, i=1,..r (2.30)

By our observation (2.25), sign W'\"(¢) =sign(d/dt) g,(t)=(—1)"""*" for
a.e. t€[0, 4]. Thus, by the Rolle’s theorem, all zeroes {T(s)};_, are
simple, and

sign W(t)=(—1)"*", te(T;_(s), T;(s)), i=1,.,r+1. (2.31)
Put

1;(s)
A.(s) :=j \W(0)|dt, i=1, .. (2.32)

4 1(s)

Next, for s=(sy, .., s,,.1)€S’,, we define the function U, on the interval
[0, 1]:

U(t)=(—1)*"[signs,] |W(0), & (s)<t<ii(s), i=1,.r+1.
(2.33)

Let
t

0 :f Uf(x)dx, 0<r<l. (2.34)
0

Let us introduce the constants

C:i= A" '[A+w(4)], ©=min {1, rB [ C+4;ﬂ ]}. (2.35)
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Put
0,:=max{0,7(s)}, seS’,. (2.36)

We introduce the polynomial p (1) =3""4 a;(s) ¢’ of the best approximation
for the function H(¢) on the interval [0, 0,]:

HHS_p.YHC[O, 01~ myi) HFI,\‘_pHC[O, 01> (2.37)
PEZ,

where Z._ | is the space of polynomials of degree at most r — 1. Put

H(t)=H,(t)— p,1), te[0, 1], (2.38)
and
D(s):= Z': [sign s;] 4;(s) —2r73ril S;. (2.39)

i=1 i=1
The mapping x: S, —» R" is defined as
K(s)=(a;(s), .., a,_(s), D(s)), seS’,. (2.40)

In the following lemma we prove the continuity of the mapping «.

LemMaA 2.1.1. Let the mapping x on the sphere S’ be defined in (2.40).
Then, the mapping s+ k(s), S€ S’,, is continuous.

Proof. From inequalities (2.17) it follows that the Vandermonde
determinant of the system of linear equations (2.19) never vanishes on S’,.
The Kramer’s formula for the solution of (2.19) coupled with the continuity
of the mapping s+ {z;(s)}/*, implies the continuous dependence of
coefficients {o;(s)}7_, on s.

Also by (2.19), t(s)=r/(1 +er)==:d,s€S’,.

Let us introduce the dylated version of the kernel K,:

(s) 1

135(1):=K3<T’d > 0<r<d. (2.41)

The continuity of the mapping s+ ({o;(s)};_,, 7,(s)) implies the continuous
dependence of the family of kernels {IQ_Y}XE s+, on s in the metrics L,[0, d]
(and even C[O0, d]). Therefore, we can apply Lemma 1.3 to the family of
kernels K(¢) and functions f,(¢#) extremal in the problem (2.21). Then,
Lemma 1.3 and the definition (2.24) of the extension g ¢) guarantee the
continuity of the mapping s+ g, in C[0, A].
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Then, by the definition (2.27), the mapping s+ V, is continuous in
C[0, A]. From the separation property (2.17) of the points { 7;(s)}/_, and
the Lagrange formula for the interpolating polynomial ¢ () we deduce the
continuity of the mapping s+ W, in C[0, 4]. In particular, there exists

such a constant .# that
HUerLx[o,u:H Willero. 11 A, forall seS’,. (2.42)

Next, using the definitions (2.33) of the function U, and (2.34) of the
function A (), we derive the chain of inequalities

HFISI _HSZ H C[0,1] < H U.rl - USZH L,[0,1]
<2 M sy =85 117+ + | W, — WyZH L,[o, 1), (243)

which proves the continuity of the mapping s+ H, in C[0, 1]. Then, the
continuous dependence on s of coefficients {a,(s)}/_, of the polynomial p,
of the best approximation for A, on [0, 6,] follows from the uniqueness of
p, and separation of the length 6, of the interval [0, 6,] from zero: ,> O,
seS’.

It remains to prove the continuity of the mapping s+ D(s) defined in
(2.39), (2.32). The following proposition accomplishes this objective.

PROPOSITION 2.1.2.  For each s =(sy, S5, ., 8, 1) €S’y let {4,(s)}7_, be
defined in (2.32). Then, for i=1, ..., r,

A,(s)—0, as s; —0. (2.44)

Proof. By (2.30), W, has r distinct zeroes {T,(s)};_, on the interval

i=1

[0, A]. Therefore, by the Rolle’s theorem, the derivative W% has a zero on

[0, A] for k=0, .., r — 1. Recall that by (2.29), (2.27), W'~ D(t) = g,(1) + als),
0<t<1, where o(s):=¢"~"(t). Then, applying Proposition 1.6 and
taking into account the inclusion (2.26), we infer that for k=1, ..., r—1,

[Willcro, a1 < -+ <A* W lcroags -+ <A W(srfl)H@[o,A]

SA"*I(A +w(Ad))=:C. (2.45)
Thus, by the definition (2.32) and (2.45),
4,(s)=| Ws‘|ml[f,,1(,v),i,(s)]< [ WSHC[O,A] |Si|<C|Sf|a i=1,.,r. (246)

The estimates (2.46) imply (2.44). |

Proposition 2.1.2 completes the proof of continuity of the mapping
st—x(s). |
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From the definitions (2.34) of A, and (2.39) of D(s) one can readily
observe that the mapping s+ x(s) is odd: x(—s)= —x(s), s€S’. An
application of the Borsuk’s theorem (Theorem 1.4) to the mapping x
guarantees the existence of a point satisfying the equation x(s) =0, se€ S’,,
or equivalently,

D(s)=0, a;(s)=0, i=1,..,r, seS’,. (2.47)

Fix a solution s* of the equation (2.47) and put

t¥=1t,(s%), ¥ =1,(s%), i=1,.,r+1;
(2.48)
¥ =1,(5%), T*=T;(s*), i=1,..,r
LemMa 2.1.3. Let {0,},csr, be introduced in (2.36). Then,
0.=i*. (2.49)

Proof. Suppose, on the contrary, that /* <0,.. By the definition (2.35),
in this case, 0. =0 <1, and /¥ :=min{z¥, 1} =1*.
Let s* =(s§, ..., s, ). From the equation D(s*)=0 it follows that

Z [sign s*] 4,( 2VB Z B sEL (2.50)

i=1

Let us estimate the left-hand side of this equation from above and the
right-hand side from below.
By (2.46) and our assumption t*=7*=3%"_, |s¥| <O, we have

4 ZB d 2rB 2rB
> sign s 4,(s ! Z <C+r>2| *|<<C+r>@.
i=1 i=1 A i=1 A
(2.51)
On the other hand,
|s¥ |=tF —tF=A—tF¥>A4—-0. (2.52)

Combining Eq. (2.50) and inequalities (2.51) and (2.52), we conclude that

2B @>@(A 0)
A A

or

4rB\ !
@>2rB<C+:l> . (2.53)



ZOLOTAREV o-POLYNOMIALS IN W"H*[0, 1] 361

This contradiction with the definition (2.35) of @ shows that 7¥ > @, and
On=max{0O, ¥} =i} | (2.54)

By the property (2.25), the function H. is not a polynomial of degree
r— 1. In particular, |[H. | cpo, i+7>0.

The Chebyshev theorem (Theorem 1.5) implies that the function H (¢)
has r+1 points of alternance {z,}/_,, 0<zo<z,< --- <z,<[*, on the
interval [0, *] =10, 0,+]. Therefore, the derivative (d/dt) H,«(t) has at
least r— 1 points {z;};_, of sign change on the interval [0, 7¥].

On the other hand, by the definition (2.38) and Eq. (2.47) for s =s*,

d d ~ r=! )
— H(t)=—Hu(1)— ) a;(s*)it' "= Ugu(1), 0<r<l. (255

i=1
By the definition (2.33), the function U,.(¢) = (d/dt) H,(t) can have at most

r—1 points {7#}7_] of sign change on the interval [0, 7*]. This argument

i=1
shows that (d/dt) H,.(t) has precisely r—1 points of sign change on
[0, 7¥], and

z;=tF=1¥*, i=1,.,r—1, z=0, z,=1¥. (2.56)

Thus, for ye{—1, 1},
Ho(1F)=(=1) x| Hgl cpo, *1 i=0,..,r (2.57)

The mappings s+ x(s) and s+ H, are odd. Therefore, we can assume
without loss of generality (if necessary, considering —s*) that y =(—1)" in
(2.57). By (2.57) with y =(—1)" and the definition (2.32) of {4,(s)};_,,
we have

2( - l)Hm HH.Y* ” C[o,i*] :Hx*(t_[*) _Hx*(f?ll)

=(=1)"signsy [ (W) de

4

=(—1)""signsk* 4,(s*), i=1,.,r. (2.58)
Consequently, (2.58) and (2.55) with (2.33) lead us to the conclusion that

(A) signsF=1, i=1,..,r;

(B) 4i(s*)=2Hullcro, vy, i=1, 0t (2.59)

d , ) ]
(C) S Ho()=(=D""Waln)l,  ff<e<iF, i=l.,r+l.
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Our objective is to show that
sign s¥*, | =sign s¥, _,(4)=1, (2.60)

for all sufficiently large A4’s.

In order to accomplish this goal, we need to eliminate the other cases
sign s¥, , = —1 and signs¥*, , =0.

Let us assume that sign s*, ; = — 1. In this case, we can compute D(s*)
using the properties (2.59) and the definition (2.39):

2rB 2rB
D(s*)=2r |[H| cro,i*y 4 t¥ +7 (A—1t})
2rB
=2 [y o,y = - (21 = 4), (261)

Therefore, the equation D(s*)=0 and (2.61) imply that

B

HH.Y* HC[O, ;'_*]=Z(2t,*—A). (2-62)

We derive two inequalities from (2.62),

A
t¥(A4) = 3 (2.63)
and, using the inclusion ¢* €[ 0, A],
[H |l cro, i1 < B. (2.64)
If we assume that s*, | =0, then
=t = st =1t = A (2.65)

Therefore,
* B *
D(s*)=2r| |H, HcD[o,i,_*]_Ztr =2r(||H,x HC[O,;’,_*]_B)zo- (2.66)

Thus,

HHs* HC[O, 1= HHS* HC[O,I]:B‘ (2-67)
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The pairwise combinations of properties (2.63) and (2.65), (2.64) and
(2.67) lead us to the conclusion that we have two properties in the case
sign s¥, | <O0:

(A) [[H| cro, 1] <B;
(2.68)

r

A
B) t¥>—.
(B) 1>

Notice that by (2.68), (B), and our choices A >4 and e <1/r,

Ctrter l+er

= = =1
l4+er l4e
(2.69)

(i) ¥=min{z*, 1} =1, and Tk

¥

. t¥+er_ AR2+e A
TH*=-— > >—>1
(i Tl 4er l1+er 4

Let us show that the inequalities (2.68), (A) and (2.68), (B) are mutually
incompatible.
Indeed, by the properties (2.59), the definition (2.32) and (2.68), (A),

| W H[L][O,I]: | W g H[Ll[o,i,_*]: Z A,(s*)=2r ‘|H5*HC[0,1]<2VB- (2.70)

i=1

By (2.27), (2.29), and (2.69), (i)
WU=D(1) = g.o(1) +als*) e H?[0, 7*] = H[O0, 1]. (2.71)

Therefore, Proposition 1.8 provides two constants &; = &,(r) and &, = &(r, ®)
such that

WO <G N Werllu ro1)+ 6 <26 B+ 6, (2.72)

On the other hand, by the definition (2.25) and the relations (2.69), (2.71),
the function W.(t) is endowed with the properties

(i) (—1)”’"“ng)(t)=%g>\,*(t)>0, forae. te[0,A4];

(i) WU Y(1)e H*[0,1];
(iii) WA =(=1)y*"* 1e[l,T}]; (2.73)

(iv) W, hasrzeroes {T*})_,:

0<T¥{<TH < .---<TF¥

r—1

A
<l<—<TFk.
4
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Applying Proposition 1.9 to the function (—1)"*"*+! I .(¢) and using the
property (2.69), (i) we obtain the following estimate for the only zero 7’ ~'
of the function W{,~1:

S ETF>16A4>1, forall A>A,, (2.74)

for some constant & = &5(r, ) dependent only on r, w, and some A4, > 0.
However, by the definition (2.24) of the function W~ 1,

W) =gelt) +a(s*) = (1) (t—n)),  te[l, 4], (275)

and WU~ "(¢) is monotone on the whole interval [0, 4]. Therefore, by
(2.75) and the estimate (2.74),

IWE D0 = W () =y =12 164 - 1. (2.76)

The juxtaposition of the estimates (2.72) and (2.76) for |W..(0) leads us to
the conclusion that the inequalities become incompatible for all

A>A:=E7Y(142r6, B+ 6).
This contradiction shows that
sign s*, (4)=1, forall A>A. (2.77)
Fix some A > A. The computation of D(s*) = D(s*, 4) produces the equations
0=Du=2r||Hgullcro, ixy—2r-B. (2.78)
Finally,
[Hx 4llcro, i =B (2.79)

In order to take the limit as ¢ —> 0, we need to show that the points
{t¥=1i}(e)};_, remain uniformly separated:

li¥(e)—tF ()| =0, i=1,.,r, forall &>0. (2.80)

Indeed, combining the estimate (2.45) with properties (2.57) and (2.79),
we infer that for all i=0, ..., 7,

2B= |Hs*(1:)(t_i*(8)) _H,y*(;;)(f;kfl(g)” < HH,Y*(L-) [ C[O0, 4] [t (e) —tF (el

= W) lero, an 117 () = 1 1(e)| S C [ (&) — 1} (). (2.81)

Thus, we can put 6 =2B/C in (2.80).
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The inequalities (2.45) for the norms { || W% || 0. 41} % — o and an application
of the Arzela—Ascoli theorem enable us to choose a subsequence {&;} . s
g, 10, as k1 oo, such that

lim t*(g,)=t,, i=0,..,r;

o (2.82)
lim Wi, ()= W(z) in CTO,1].
k— oo

Then, by the inequalities (2.18),

lim 7,(¢,)=7;:=min{z; 1}, lim T,(e)=1,, i=0,.,r. (2.83)

k— o k— o0
Also, by our observation (2.56), T,=t;,=t,, i=0,..,r—1. Put

Un=(=0)""me)l, §_,<t<i, 1<i<r+l;

‘ (2.84)

H(n) = [ U(y) dy, 0<i<l,
0

so U=lim; _, . U, in L;[0,1], and H=1lim, _, ,, H., in C[0, 1]. The
comparison of the properties (2.59), (C) and (2.31) combined with the
limiting relations (2.83) leads us to the conclusion that for te[7;,_,, ],
i=1,..,r+1,

d . . .
SH = U = (=) [0 = (= 1) [(= 1) W) = W),
(2.85)
Therefore, He W H[0, {,], and
H®(t)=w* =1 (1), tel[0,1], k=1,.,r (2.86)

By (2.80), the points {7,}/_, are separated by the constant J. Let the
coefficients {o;}7_, be determined from the system of linear equations

Yol =(=1)"0,,  k=0,..r (2.87)
i=0

and the kernel K be introduced by the formula

1o
T ;) o (F— 1)1 (2.88)

K(t)=



366 SERGEY K. BAGDASAROV

It also follows from the property (2.80) and the definition (2.20) that
lim K., (1) =K(t) in C[0,1]. (2.89)

k —
Therefore, we can apply Lemma 1.3 to the family of functions
f\*(t) = W\'*(z;k)(t) - W\'*(a;k)(())’ O < t < 7’-r*(gk)lv k € N’
extremal in problems (2.21). Lemma 1.3 implies that
7 i,
sup J°mﬂmnm=j[HM—HmwnKmda (2.90)
heHY[0,7]1 "0 Y
From the properties (2.57) with y=(—1)" and (2.79) of the functions
H., we infer that

H(iy) = (=1)""" [H()| cro,iy=(=1)""B. (291)

The point ¢, becomes the rth zero of the derivative (d/dt) H(t)= W(t) on
the interval [0, 1), if /,=1¢,, ie, ¢, <1.
It remains to rename the extremal functions and the points:

T,:=1t;, 1=0,..,r; Zg(t) == H(t), Kg(t)=K(t), te[O0,7,].
(2.92)

The extension of the function Z)(¢) to the entire interval [0, 1] can be
given by the formula

ZP)=ZP)+ (=) o) —o(r,)],  telr, 1] (293)

By Corollary 1.2 and (2.93), the function Z{; has the full modulus of
continuity on [0, 17:

o(ZP;1),  0<i<1,;

1Z(0)— Z(0)]. (294

(20 =o(n =

The derivatives {Z';)(7)}_} are extended to [0, 1] by continuity.
The proof of Theorem 2.1 is completed. ||

In conclusion, we remark that from the definition of the kernel K(¢) in
(2.1), (2.2) for {z,= r,-(B)};.':O it follows that the kernel K(¢)=K,,(¢)
depends on m, 0 <m <r. Then, the Korneichuk formula (2.6) (0 <m<r)
and (2.11) for the rth derivative Z'})(¢) imply that the family of Zolotarev
w-polynomials {Zz=Zy . ,. o} 50 is dependent on m in the case of
nonlinear modulii of continuity c.
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3. COROLLARIES OF THEOREM 2.1

Fix r, meN:0<m<r.

Throughout this section, {7,(B)}_, is the set of alternance points of the
function Zz=Z24 ,, , ,, on the interval [0, 7,(B)], and the kernel Kz(x),
0<x<1, is defined by (2.1), (2.2) for the specified collection {7,=17,(B)}’_,.

3.1. The Uniqueness Property of Zolotarev w-Polynomials

In the following corollary we prove the uniqueness of the solution of the
problem

fO0)>sup,  feWH[0,1],  flcroqmn<B  (3.1)

COROLLARY 3.1. Let B>0. The function Zg is a unique solution of the
problem (3.1).

Proof. By Theorem 2.1, Z is a solution of the problem (3.1). From the
identities (2.4) for 0 <m <r and (2.9) for m =r we deduce the following
necessary and sufficient conditions for a function f to be extremal in the
problem (3.1):

Py

f(rj(B))z(—l)’"”B, j=0,..r;
(3.2)
[fO(x)—F7(0)] Kp(x) d,

7,(B) 7,(B)

(ii) sup j

» Y
he H

h(x) K y(x) dx = j

0
By the Korneichuk lemma, the extremal function in (3.2), (ii) is unique:

SOx)=F70)=ZP(x) = Z(0),  0<x<7,(B) (3.3)
Therefore,

~

S(xX)=Zxx)+ Y ;X' 0<x<t(B), c;eR, i=0,..,r. (3.4)
i=0

However, by (3.2), (i), the difference f(x) — Z 4(x) vanishes at r + 1 distinct
points {7,(B)}_,. Consequently, the coeﬁiments of the polynomial > 7_, ¢;x’
= f(x)—Z 4(x) are zeroes. ||

3.2. Zolotarev w-Polynomials with r Alternance Points on [0, 1]

Let us introduce the class
WH[B]:={feWH[0, 11| fllcro,;<B}. (3.5)

In the following corollary we show that 7.(B)=1 for all sufficiently
large B’s.
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COROLLARY 3.2. Let the class W H®[ B] be defined in (3.5). There
exists such a constant M=M,, . ,,>0 that t(B)=1 for all B> M, and

sup  fU(0)=2ZY"0),  forall B> M. (3.6)

Se W H®[B]
Proof. Let us introduce the set I'=1(B,r,m, w)eR, :

F:={B>O‘ZZB(T,(B))=O}. (3.7)

By the assertion (iii) of Theorem 2.1, if 7,(B) <1, then (d/dt) Z z(7,(B)) =0,
and BeI. Therefore,

Bé¢I=t(B)=1 and %zg(rr(m);ﬁo. (3.8)

LemMmA 3.2.1. Let the set I be introduced by (3.7). Then,

(A) inf B>0; (B) sup B< + 0. (3.9)
BeR\I" Bel
Proof. Let us show that I" is nonempty. Indeed, otherwise, 7,(B) =1 for
all B> 0. Then, by Corollary 1.2.1, all functions Z';) have the full modulus
of continuity on [0, 7,(B)]=[0,1]: w(Z};t)=w(t),0<t< 1, and

(= 1)y +m* 1 [Z0(1) = Z9(0)] =w(1),  forall B>0.

The Arzela—Ascoli theorem enables us to choose such a sequence B, |0, as
k1 oo, that lim,_, ,, Zg =Z in C[0, 1]. Then, the contradicting properties
IZ|l cro.17="0 and |Z"(1) = Z"(0)] = (1) of the limiting function Z prove
that our assumption was wrong. Thus, the set /'is nonempty and sup . - B > 0.

On the other hand, if B e I', then the derivative (d/dt) Z gz(t) has r distinct
zeroes {7;(B)};_, on [0, 7,(B)]. Thus, Z} has a zero on [0, 7,(B)], and

by Proposition 1.6,
B=|Zg]| C0.7,(B)] S [z(B)]" HZ(,_;) [ C[0,7,(B)] <o(l). (3.10)
Let us define the constant M = M(w, r, m):

M :=sup ”ZBHC[O,I]' (3.11)

Bel
By (3.8), 7(B) =1, Be R_\I" In particular, 7,(B) = 1 for all B> M. Therefore,
Zy(t(B)=(—1)""" | Zg]| cro.13=( —1)"*"™ B, forall B>M, (3.12)

implying the extremal property (3.6) of the function Z, for B> M. ||
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We remark that by (3.8), functions Z; have the extremal property (3.6)
for all Be R, \TI.

The following result follows immediately from Corollaries 3.1 and 3.2 on
the uniqueness of the solution of the problem

£"(0) — sup, fe WH”[B],
for all B= M.
COROLLARY 3.2.2. Let {t,(B)}_, be the alternance points of the extremal

functions Z 5. Then, the mapping B+ {t;(B)}’_, is continuous on the interval
[M, +o0).

Let us identify the set I, the constant M, and the function Z,, in the case
of a linear modulus of continuity w(f)=¢t. Let C,(x) be the Chebyshev
polynomial of degree r+ 1 defined in (0.2),

272r71 1 i r+1
L, := HCrHC[o,u:ms {T,-=2<1 +cosr+ 1>}0

be the collection of alternance points of C,(x) on the interval [0, 1], and
K,:=L,-T7"*"Y Then, I'=(0, K,], M =K,, and for Be I’, the polynomial
Z g 1s given by the formula (0.4). The following section describes a similar
phenomenon in Holder classes.

3.3. Zolotarev w-Polynomials in Hélder Classes

Fix a,0<a<1, and consider the Holder classes W'H*[0,1]:=
W"H*-[0, 1], where w,(t) =1t"

The extremal functions {Zz=Z53, ,. ., | -0 have the following specific
feature. For a fixed B>0, let 7,=1,(B), i=0, ..., r, and

Z(t)=Zg(1), K(t) = Ky(1), 0<t,(B). (3.13)
For all >0, put B[f]:=p""*B,t;,[ f1=pz;, i=0, ..., r, and
Yy)=p"""2tp),  Vy)=p""""K(p), 0<t<t[fl. (3.14)

By the definitions (2.1), (2.2) of the kernel K(¢) and (3.14) of the kernel V(¢),

r

Vi)=Y [l FI—0) (3.15)

i=0
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and the coefficients {o;[ f]1=p""a,}’_, satisfy the equations
z <xI'[ﬁ:l(’ri[ﬂ])jzém,j’ ]:0’ (A3E) r. (316)

i=0

Therefore, for any function f'e W"H*[0, t,[ f]], the familiar identity holds:

= afiel D+ [ v e

By Corollary 1.2.2, applied to the dylation V), of the kernel K, and the
assertion (i) of Theorem 2.1,

7,[A] 7, [B]
sup f h(1) V,;(t)dz=j0 (Y1) — Y (0)) Vy(r)dr.  (3.18)

heHY[0,7,[511°0

By the assertion (ii) of Theorem 2.1 and the definition (3.14) of the
function Y,

Yﬁ(Ti[ﬂ]):(*l)Hm [ Y/EHC[OW 7, [ A11 :(*1)”’" B[ A1, i=0,..,r.
(3.19)

The properties (3.18) and (3.19) along with the identity (3.17) imply that
the function Yj(¢) has the extremal property

Y(/;m)(o) = sup{f("’)(O) |fe WH O, 7[B]], IfIl Cr0, 7,811 <B[ﬁ]}
(3.20)

This property will be used in the proof of the following results.

LEmMA 3.3. Let the set I'=1(r,m,w,) be introduced in (3.7) and
M=M,,, ., be the constant defined in (3.11) for w(t) = w,(t). Let {t/B)=

(B, r,m,a)}_ be the points of alternance of the functlon ZB— Zg rmo,
Then,

Mel and T(M)=1.

Proof. For each Bel, let us introduce the function Xg(¢) and the
kernel Wg(t):

Xu(t)=[7(B)] " *Zy(x(B)),  O<i<l;
Walt)=[2,(B)]"* ' " Ky(z,(B)1), O<i<l.
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Note that

d d
EXB(I)z[r,(B)]I*'*“%ZB(rr(B))=0, forall Bel. (3.22)
Let Ag= Xzl cro13=Lt(B)] "~ B. As we explained in (3.18)-(3.20),
the function X is extremal in the problem

FU(0)—sup,  fe WH[A]. (3.23)

First, let us show that the inclusion M € I" implies the property 7,(M)=1.
Indeed, if 7, (M) <1, then A,,> M and, consequently, A4 ,, ¢ I'. Therefore,
by Corollaries 3.1 and 3.2, 7,(4,,)=1 and the function Z, is a unique
solution of the problem (3.23) for B=M. Thus, X,,=Z, . Then, by the
property (3.22), (d/dt) Z, (1) = (d/dt) X,,(1)=0, and the definition (3.7)
of the set I" implies A4,, € I'. Then, the contradicting inclusions 4 ,, € I" and
A, ¢ I prove that 7,(M)=1.

It remains to eliminate the case M ¢ I'. In this case, let us consider such
a subsequence {B,},. that B,el,ieN,lim,_  B;=M, and

11— 0

lim (7o(B;), ... T(B;) = (T4, ... T,);

lim X, =2(r) in C0,1]; (3.24)

i— oo

lim Wy ()= W(t) =

i— 0

I =

ai(Ti_l)rfl in C"'[0,1],

i=0

where the coefficients {o;};_, satisfy Eq. (2.1) for {7,=T,}/_,.
Let D=MT"~*. By Lemma 1.3, applied to the family of kernels
{ W} icn, the function Z'(¢) inherits the properties of functions { X} . y:

i

(i) Z(T)=(=D""Z]cro.n=(=D""D, i=0,..,r;

(i)  sup Jolh(t) W(z)dt:Jo1 [X(2) — XD(0)] W(t) dr;  (3.25)

heH{[0,1]
d
iii) —2(1)=0.
(i) < 2(1)
Therefore, the function Z'(¢) is extremal in the problem
fU(0)—>sup, fe WH*D]. (3.26)

Since D > M, our assumption M ¢ I" implies that D ¢ I', as well. Therefore,
by Corollary 3.2, the function Z, is a unique solution of the problem
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(3.26). Thus, X(t#)=Zp(t). Then, the property (3.25), (iii) implies that
D e I'. Once again, the contradicting inclusions D e I" and D ¢ I" lead us to
the conclusion that our assumption M ¢ I" was wrong.

3.4. Chebyshev w-Polynomials in W"H*[0, 1]

In the following corollary we construct the analog C(x)=C., ,, ,(x) of
the Chebyshev polynomial in the Hélder space W"H*[0, 1]. Like in the
linear case w(t) = At, we describe all extremal functions in the problem

f"(0)—sup, fe W H’[B] (3.27)

for B> L.

COROLLARY 3.4. Let O<a<l.

1. There exist a constant L=1L >0, the collection of points

{ = rmo()}’+1 0=T,<T, < -~<”T,.<T,.H=1, and the function
(x)=C,, , m(x) endowed with the properties

(i) AT)=(=D""Clepoy=(=D""L i=0,.,r+1;

Gi)  sup f KO (1) A (1) di = f [COAr)— C(0)] H (1) dr, (328

he HELO, T,]

where A () is defined by (2.1), (2.2) for {r;=T.}_,;
(i) (C; 1) =w,(1), 0<r<l.
2. Forany B> L there exists a collection of points {t;,=7,(r,m, o, B)} | _:

O=to<ty< -+ <1, <1, and a function Zgz(t)e WH[0,1] with the
properties

() Zp(t)=(=D)""Zglcro3=(=1)"*"B,  i=0,..,7;
(i)  sup ff"hm(z)KB(r)dz=jT"[ZS;’(t)—ZS;)(O)]Kg(t)dt, (3.29)
0

he H3[0,7,] 0

where K () is defined by (2.1), (2.2);

(i) w(ZF;t)=w(), 0<i<L

3. Forany B> L, the function Zg(x)=Z, ,. . 5(x) is extremal in (3.27).
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Proof. Let M = M(r, m, w,) be the constant defined in (3.11) for w = w,.
By Lemma 3.3, t(M)=1, so the function Z,, is defined on the whole
interval [0, 1]. Let
ZG)(1), 0<t<1;

ZOO)+ (=1 " o(r), 1> 1. (3.30)

Z(1) ={

Then, the extension Z(¢) of the function Z,,(¢) from the interval [0, 1] to
the entire half-line R, is given by the formula

=l ZW) 1
2=y Mi()zwfj ZOX)N—x)"dx, teR,. (331)

] |
i—0 1! riJo

Let us show that & € W"H*(R, ). By the definition, we have the inclusions
Z N1 €H 0,17 and Z7|, ., e H*[1, +o0). It remains to verify
the inequality

| Z7(1,) = Z ()| <o(t,—1y),  for 1, €[0,1],  5,>1. (332)

In this case, the definition (3.30) of 2" and the concavity of w,(t) lead us
to the following chain of inequalities:

|2 082) = 21| = 12 012) = 2 D] + |20 = 201y
<[odt)—o D] +o1-1)
<[odt—t)—o-1)]
+o,(l—1)=w,lt,— 1) (3.33)

Moreover, by the definition (3.30) and Corollary 1.2.1 of the Korneichuk
lemma, the function 2 )(¢) has the full modulus of continuity on R :

ZWs 1) 0<r<l1;

M- N=w(t)= o Mo =) =TS 3.34

o250 =0l0) {|Z(’)(t)—Z(”(0)|, 1> 1. (3:34)

For each fe€[0, 1] let us introduce the function Py e W H“(R, ):
Py(t):=p" 2 (1), teR,. (3.35)

Put

M[BY:=p"""M,  [B]:=pr,(M), (3.36)
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where M = |Z /|| (0. 17 and {z;(M)}’_ are the points of alternance of Z .
The points {7,[ f]1};_, are the alternance points of P, on the interval

[0, A1
Pyt [ B =(=D)"""[Psllcro. py=(—1)""" M[B]. (3.37)
By our observation (3.20), the restriction Py 51 has the extremal property
PY(0)=sup{ f"(0) | f € WH[0, B1. |.f | cro.py < ML BT} (3.38)

Also note that by Corollary 3.3, the derivative (d/dt) P4(t) has the rth zero
at the point 7,[ f] = p:

d o d ,
%Pﬁ(ﬂ):zﬁ+ lEZM(I)zo, since Mel.

From the monotonicity of Pj’() on R, and Rolle’s theorem it follows that

the derivative (d/dt) P,(t) vanishes only at r points {z,[ f]1}7_, and

sign%P,;(t)z(—l)”’”“, te(t;[ Bl t; o [B]), i=0,..,r, (3.39)

where 7, [ f]:=0c0. In particular, the function (—1)""" Py(t) strictly
decreases from [Pyl cpo, 47 to — 0, as ¢ increases from z,[ f] to + co.
Let us introduce the parameter k() by the equation

Py1)=k(p) Py(z,[ B]). (3.40)
By the definition (3.35) of the function P, and the property (3.37),
k(B)=Py()[Ps(z,[ 1] "
=B Zuy(BL(=1) " prrem] !
=(=1)"*"Z,(1/8) M~ (3.41)

This expression for k() coupled with the property (3.39) for i=r implies
that the function k() is continuous and strictly decreases from 1 to — oo,
as f§ decreases from 1 to 0. In particular, there exists such a f* (0, 1) that

k(p*)=—1, and —1<k(B)<l, if p*<p<l. (3.42)

Therefore, by (3.39) for i=r and (3.42), the monotonicity of Py(¢) on the
interval [z,[ f], 1] implies that for all fe[f*, 1], and te[7,.(B), 1]

|Py(0)] <max{|Py(z,[ B1), k(B [PLT,LBDI} =I1Psllcrop-  (343)
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Thus, we have the following refinements of the property (3.37),

Pyt B =(=D""IPsllcroy=(=D"""M[B],  i=0,..r, (344)
and the property (3.38),
sup £(0) = PyM(0). (3.44)

fe W H ML 1]
Finally, by (3.37) and (3.42), Pp(1)=k(p*) Py(z,[p])=(—1)"""*!
[Pgs |l cro. 17> so the function Ps.(¢) has precisely r + 2 points of alternance
{tulB*1}ioand 7, [ f*]=1. Put

C(x) := Pgl(x), xe[0,1], L:=|[Cll¢ro 13- (3.45)

Summarizing, the family of functions Py, f* < <1, constitutes the set of
solutions of the problem (3.27) for Be [L, M]1=[||Cll¢fo,17> I Zall cro.17]-
By Corollary 3.2, the functions Z;, B> M, are extremal in the problem
(3.27) for B> M.

3.5. Full Solution of the Kolmogorov—Landau Problem in W2H“[0, 1]

Before characterizing extremal functions in the problem
fU(0)—sup, fe WH“[B] (3.46)

for m=1,2, and all B>0, we make the following observation on the
possibility of functional extensions from the class W2H“[0, 1] to the class
W?H®(R , ) without increasing the L -norm.

Suppose that the derivative (d/dt) g(t) of a function ge W>H®“[0, 1] has
two zeroes f,,t,, 0<t,<t,<1. Let 4=t,—t,. Then, the extension
E(g;t,, ty;-) of the function g(-) from the interval [0, 7,] to the entire
half-line R, is given by the formula

E(g 11,155 1)
g(1), 0<r1<ty;
=< g(t—2n4a), L+A2n—1)A4<t<t,+2nd4, neN;
g2t, +2(n+1) 4—1), L+2(n—1)A4<t<t,+(2n—1) 4.

(3.47)

The properties (d/dt) g(t,)=(d/dt) g(t,)=0 assure the continuity of
(d/dt) g(t) on R, . In addition,

w(g;1), 0<1<ty;

A gt i = {0 S (348)
s v2) 2-
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Thus, E(g;t,,t,;1)e W*H®(R ). Also notice that

HE(g;ZlaZz;')|‘lx(R+):”gHC[O,tZ]' (3.49)

Therefore, we extended the function g to the entire half-line R, without
leaving the class W?H*(R, ) and increasing the L. norm.

Fix my,m=1,2, and B>0. In Theorem 2.1 for r=2 we proved the
existence of such a function Z, with three points of alternance {z,(B)};_,

that Z is extremal in the problem
f(m)(o) — sup, fe WZH“’[O, 1], I£1 CL0, 7,(B)] <B. (3.50)

Therefore, if 7,(B) =1, then the function Z, is extremal in the problem
(3.46).

By the assertion (iii) of Theorem 2.1, (d/dt) Z 4(t,(B)) =0, if 7,(B) < 1.
Besides, the derivative (d/dt) Zg(t) vanishes at the interior point 7,(B) of
extremum of Zg(z). Therefore, by (3.51), the restriction E(Zg; 7,(B),
75(B); t)| o, 17 1s extremal in problem (3.47), if 7,(B) < 1.

Kolmogorov-Landau problems in functional classes W2H®(R) and
W?H®”(R , ) are solved in [4].

4. CONCLUDING REMARKS

The complete solution of the Kolmogorov-Landau problem

S0 —>sup,  feWLFTO LY, [ fllcpo < B,

in the Sobolev class W’ F'[0, 1] was given by S. Karlin [ 7] who constructed
the family of extremal Zolotarev perfect splines { %} 5~ . For each B>0,
the function %, of the norm B has n=n(B)>0 knots and oscillates
n+r+1 times between B=|Zp|lcro,17 and —B. It can be seen from
the corresponding numerical differentiation formulae (see [8]) that the
complete solution of the Kolmogorov-Landau problem in W H®“[0, 1],
requires an appropriate generalization of the notion of perfect splines in
functional classes W"H*[0, 1].

In our paper [2] we give the characterization of the structure and the
description of various properties of extremal functions in the problem

jbh(z) W(1)di—sup,  heHS[a,b], (%)

a
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for kernels y € L[ a, b] with a zero mean on [0, 1] and a finite or ordered
countable set of points of sign change on the interval [a, b], —c0 <a<
b< +oo0. The extremal functions of the problem (x) feature as the rth
derivatives of solutions of the problem

f0)>sup,  feWH (D),  |fll, n<B (P.1)

for O<m<r and I=[0,1],R,R_. The problem (P.1) for m=r and
I=10,1] or =R, necessitated our solution in [ 3] of the problem () for
kernels with nonzero means.

The solution and corresponding numerical differentiation formulae in the
pointwise Kolmogorov-Landau problem

f(m)(é) — sup, fe Wf;l[oa 17, Hf”«:[o, 11<B, (P.2)

were found by A. Pinkus [11]. In [3] we also describe the extremal
functions of the problem

jo h(t) (1) di + jh h(t) (1) di > sup,  he H[a,b], h(0)=EeR,
a 0
(%)

for a<0<b, and integrable kernels , and , with finite or ordered
countable set of points of sign change on [a, 0] and [0, 5], respectively. As
an example of an application of the extremal functions of the problem (x),
we mention the version of the problem (P.2) of maximizing the rth derivative
of functions from W’"H“[ a, b] at an interior point ¢ € (a, b). Since extremal
functions of problems (x) and (*x) generalize standard perfect polynomial
splines; we call them the perfect w-splines.

Finally, the formulations of some results and referrences to our papers in
the area of Kolmogorov—Landau inequalities in functional classes W' H“[I]
may be found in [3] and [4].
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